INTRODUCTION
In studying the fracture of composite materials which consist of more than one perfectly bonded homogeneous elastic phase with different mechanical properties, it was shown that the singular behavior of the stress state in the close neighborhood of a crack tip does not remain "self-simi1ar" as it enters and crosses an interface separating two phases of the composite [1, 2] . If the crack tip remains in the same homogeneous medium as it propagates, during the crack propagation the characteristic *This work was supported by the National Aeronautics and Space Administration under the Grant NGR-39-007-011 and by The National Science Foundation under the Grant GK 11977.
-1-square root singularity and the related angular distribution of the stresses at and around the crack tip remain unchanged, the only possible change taking place in the multipiicative constant known as the stress intensity factor. This makes it possible to apply any one of the conventional fracture criteria to this phase of the fracture propagation. On the other hand, since the singular behavior of the stress field around the crack tip terminating at a bimaterial interface is drastically different than that of a crack tip imbedded into a homogeneous medium [1] , as the crack enters and crosses the interface an abrupt change takes place in the crack tip stress field. Thus, since the stress field does not remain similar to itself during this phase of fracture propagation, for studying the related fracture phenomenon a closer examination of the crack tip stress field and some modifications of the existing theories or possibly a new fracture criterion are needed.
A detailed treatment of this problem was given in [1] and [2] for the case in which the interface is a plane and the crack length and its distance to the interface are sufficiently small so that the perturbed stress field can be approximated by that of a crack in two bonded elastic half planes. However, in materials such as ceramics and fiber reinforced composites, the crack length is usually of the order of inclusion or fiber diameter and the stress state in the uncracked medium is quite different than that of two bonded half planes. Hence, for this type of problems clearly the assumption of bonded half planes -2-will not be valid. In this paper we will consider the plane elastostatic problem of a crack terminating at and crossing the bimaterial interface in an elastic matrix containing a circular elastic inclusion. The special case of the problem in which the crack is imbedded in the elastic matrix was recently discussed in [3] . Since [3] contains sufficiently detailed results of the single crack problem, in this paper, aside from a sample solution for the purpose of verification, we will not discuss this problem, Instead, we will give the solution of the problems of a crack in the inclusion with one or both ends approaching and terminating at the interface, of two collinear cracks one in the inclusion and one in the matrix, and of a crack crossing the interface.
The analysis and the results given in [3] for the limiting case of the crack tip terminating at the inclusion boundary appear to be incorrect. Therefore some results for this case will also be given.
THE INTEGRAL EQUATIONS FOR THE GENERAL PROBLEM
Consider the plane elastostatic problem for an elastic matrix with constants K I ,y 1 containing a perfectly bonded circular elastic inclusion of radius a and with constants Kp, y w here y. is the shear modulus, and < 1 -= 3-4v i for plane strain and K. = (3-v.)/(l+v.) for plane stress, v. being the Poisson's ratio (i=l,2). Let the medium contain two (radial) collinear cracks with end points at y = 0 and x = a-j , b-j , a,,, b 2 ( Figure 1 ).
In addition to the geometry, let the external loads also be symmetric with respect to the plane of the cracks, y=0. The -3-F1 9ure l on-crack geometry.
integral equations for this problem can easily be written down by using the dislocation solutions given in [4] and [5] as the Green's functions. In the usual manner the solution of the problem can be expressed as the sum of two sets of stresses:
(a) the stresses in the medium without the cracks and under the given external loads, and (b) the perturbed stresses for the cracked medium where equal and opposite of the stresses found in For example, for the uniaxial tension at infinity a,°° = a shown in the figure, the solution to problem (a), and hence, the tractions p, and p 2 are given by
where m = y 2 /vi-i . Define 
Using the dislocation solutions given in [4] and [5] as the Green's functions, after some manipulations the following system of integral equations may easily be obtained to determine f, and f 2 :
where
A, -B, a 2 2
We note that for -a<a 2 , b 2 <a, a<a-j , (i.e., if none of the crack tips is on an interface) (see Figure 1 ) the kernels indicate that, if one or more crack tips terminate at the bimaterial interface (i.e., if any one or a combination of the three cases a 2 = -a-i» b~ = a, and a, =a is valid) (see Figure 1 ), certain parts of these kernels become unbounded as both of the arguments x and t approach the end point on the interface. These parts of the kernels which go to infinity as (x,t)-»-+ a are indicated by k--(x,t), (i,j = l,2) in (6).
It is easy to see that k . . become I J ^ I J J infinite as (x-a)~^, hence, together with the simple Cauchy kernels, (t-x)~^, they constitute a set of generalized Cauchy kernel s .
-7-Singular behavior of the solution of integral equations having similar generalized Cauchy kernels was studied in detail in [1] and [2] . Following the complex function technique outlined in [6] and using the procedure described in [1] and [2] , if we define the unknown functions f-j and f« in terms of unknown bounded functions g-j and g 2 and unknown powers a-| , 3-j . a 2 , and B 2 as follows:
for various typical crack geometries, from (5) the characteristic equations giving a-and 6-may be obtained as:
< a , a = cotira, = 0 , cotirou = 0 , 
The equations (9) The derivation of equations (9-15) follows very closely the procedure outlined in [1] and [2] in great detail and therefore is omitted in this paper. The asymptotic expressions (16) may easily be obtained from (5) by noting that the expressions given by (5) are valid outside as well as along the cuts (a,,b-,) and (a 2 ,b 2 ) (i.e., P^x) = a lyy (x,0), (-°°<x<-a, a<x<») and p 2 (x) = a 2yy (x,0), (-a<x<a)), and by directly applying the function-theoretic method to (5) [2] . Using the same procedure, from (5) the stress intensity factor for a crack tip terminating at the interface may -10-be obtained as follows [2] :
-a < 3o < bp < a = a, < b, :
a < a 2 < b 2 = a < a-] < b-| :
In the case of a through crack (i.e., if -a<a 2 <b 2 =a=a, <b, ) , for all practical combinations of material constants the functions f and fp, and consequently, the stresses have an integrable singularity at the intersection of the crack and the interface (i.e., -I<a 2 =$i<0). In fracture studies the quantities of interest here are the distribution of contact stresses along the interface. Thus, to characterize these stresses one may define the following stress intensity factors: Figure 1 , if -a<a2<b2<a<a-, <b, (including the special cases of single cracks, i.e., a 2 = b^ or a,=b,), the system of singular integral equations can be solved in a straightforward manner by using, for example, the technique described in [9] . In all the examples discussed in this section the external These results agree with that of [3] for a-j>a. However, because of the change in the power of the singularity 3-j for a-j=a, the extrapolated results in [3] are clearly in error (k(a-,) tends to zero or infinity as a-|-*-a).
Referring to
For the cracks terminating at or going through the interface, the system of singular integral equations (5) Table 1 . The effect of modulus ratio on the stress intensity factors for a crack terminating at the interface (a, = a k^/a = 2, K I = < 2 = 1.8, c 1 = (b^aJ/2). Table 2 is the trend based on the square root singularity. The correct stress intensity factors and the related a^ or B 2 are given in Table 3 .
Some of the results given in Table 2 Table 4 shows the results for a completely cracked inclusion (i.e., a 2 =-a, b 2 =a). Table 5 and Figure 5 show the results for the case where both the matrix and the inclusion contain a crack (see the insert in Figure 5 ). The material constants used in this problem correspond to an epoxy matrix and an aluminum inclusion. In Table 5 The results for the crack crossing the interface are shown in Table 6 and Figures 6-8 . These results are also given for an epoxy matrix containing an aluminum inclusion. It should be noted that in solving the system of singular integral equations (5) 
